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Spiral-Bevel Geometry and 
Gear Train Precision 
Faydor L. Litvin* and John J. Coy? 
Spiral-bevel gears have widespread applications in the transmission systems of helicopters, 
airplanes, trucks, automobiles and many other machines. Some of the major requirements in almost 
all the fields of application for transmissions are (1) improved life and reliability, (2) reduction in 
overall weight (Le., a larger power-to-weight ratio) without compromising the strength and efficiency 
during the service life, and (3) reduction in the transmission noise. 
Spiral-bevel gears used in practice are normally generated with approximately conjugate tooth 
surfaces by using special machine and tool settings. Therefore, designers and researchers cannot solve 
the Hertzian contact stress problem and define the dynamic capacity and contact fatigue life (ref. 1) 
until these settings are calculated. The geometry of gear tooth surfaces is very complicated and the 
determination of principal curvatures and principal directions of tooth surfaces necessary for 
calculating the Hertz stress is a very hard problem. 
Baxter (refs. 2 and 3), Litvin (refs.,4 to 7), Litvin and Gutman (refs. 8 and 9) and Wildhaber 
(ref. 10) completed works dealing with the theory of gearings as well as with the theory of spiral bevel 
gears. Coy, Townsend, and Zaretsky (ref. l ) ,  Coy, Rohn, and Loewenthal (ref. 11) completed work 
dealing with dynamic capacity and surface fatigue life of gears. Townsend, Coy, and Hatvani 
(ref. 12) analyzed failures of a helicopter transmission. 
In this paper a novel approach to the study of the geometry of spiral bevel gears and to their 
rational design is proposed. The nonconjugate tooth surfaces of spiral-bevel gears are, in theory, 
replaced (or approximated) by conjugated tooth surfaces. These surfaces can be generated (1) by two 
conical surfaces rigidly connected with each other and in linear tangency along a common generatrix 
of tool cones, and (2) by a conical surface and a surface of revolution in linear tangency along a 
circle. 
We can imagine that four surfaces are in mesh: two of them are tool surfaces C ~ a n d  Ck; and two 
are gear tooth surfaces C1 and C2. Surfaces CF and C1 are in linear contact, and contact lines of 
different form appear on the contacting surfaces in the process of meshing of the generating and the 
generated surfaces. The same can be said about the contact of surfaces CK and C2. Surfaces CF and 
CK are rigidly connected and move in the process of meshing as one body. Surfaces E1 and C2 are in 
point contact and the point of their contact moves along these surfaces in the process of meshing. 
Surfaces C1 and C2 are hypothetical conjugate tooth surfaces which approximate the actual 
nonconjugate tooth surfaces. 
The determination of surface principal curvatures and directions is a complicated problem. 
Therefore, a new approach to the solution of these is proposed in this presentation. In this approach 
direct relationships between the principal curvatures and directions of the tool surface and those of 
the generated gear surface are obtained. Therefore, the principal curvatures and directions of gear- 
tooth surface are obtained without using the complicated equations of these surfaces. This makes it 
easier to apply previously worked out methods for calculating life and reliability for spur and helical 
gears and traction-drive contacts to the spiral-bevel gear problem. 
A general theory of the train kinematical errors exerted by manufacturing and assembly errors is 
discussed. Two methods for the determination of the train kinematical errors can be worked out: 
(1) with the aid of a computer, and (2) with an approximate method. Results from noise and 
vibration measurement conducted on a helicopter transmission are used to illustrate the principals 
contained in the theory of kinematical errors. 
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Spiral -Bevel Geometry 
Figure 1 shows the generating gear g and the member-spiral bevel gear 2 in mesh by cutting. The 
generating gear rotates about the axis xf, and the member-gear rotates about the axis 22. Axes xfand 
22 form an angle 90" + (72 - Az), where y2 is the pitch cone angle and A2 is the addendum angle A2 of 
the member gear 2. 
Figure 2 shows the generating gear g and the pinion in mesh by cutting. The axes of rotation xj- 
and z1 form an angle 90" - (yl - A I ) ,  where y1 is the pitch-cone angle and A1 is the addendum angle 
of the pinion 1. It is assumed that gears 1 and 2 rotate in the train about perpendicular axes. 
Surfaces of gears 1 and 2 can be generated as conjugated ones if axis z (fig. 3) is an instantaneous 
axis of rotation in relative motion for all four gears (for gears 1 and 2 and two generating gears). This 
requirement cannot be fulfilled for spiral bevel gears because the axes of rotation of the generating 
gears do not coincide with each other but form an angle A1 + A2 (fig. 3). Therefore, special machine 
settings by pinion 1 cutting are applied (fig. 2): axes of rotation xfand z1 do not intersect with each 
other and are dislocated by AL1 and AEl in two perpendicular directions (AEl is not shown in fig. 2). 
The novel approach to the study of the geometry of spiral-bevel gears is based on the 
substitution of nonconjugated tooth surfaces by conjugated ones, which can be realized in the 
following two ways or versions. It is well known that the generating surface for spiral-bevel gears is 
conical (fig. 4). The first version of spiral-bevel geometry is based on the following propositions: (a) 
two generating conical surfaces are in linear tangency along a common generatrix of both cones (fig. 
5 ) ;  (b) it can be imagined that two generating surfaces are rigidly connected with each other and 
rotate as one body by gear generation. The surfaces of the generated gears will therefore be in point 
tangency. The point of contact of the gear surfaces in mesh moves along the common generatrix of 
the tool cones. This imaginary way of gear meshing results in elliptical-shaped Hertzian contacts 
which move across the tooth surfaces in the profile direction. 
The second version of the spiral-bevel geometry is based on these propositions: (1) One of the 
generating surfaces is conical, and the other is a surface of revolution (fig.6); (2) both generating 
surfaces are in linear tangency along a circle of radius rd; (3) it is assumed that both generating 
surfaces are rigidly connected and rotate as one body by gear generation. 
Surfaces of generated gears with geometry I1 will also be in point contact. The point of contact 
between the gear surfaces in mesh moves along the circle of radius rd (fig. 6). This second version of 
gear generation provides that motion of the Hertzian ellipse contact will be along the gear tooth 
surface in the longitudinal direction. The advantages of spiral-bevel geometry I1 that are possible to 
achieve are improved conditions of lubrication and increased contact ratio. 
Figure 7 shows a generating surface Ed which is covered with lines of contact. The generating 
and generated surfaces are in instantaneous contact at one of these lines. The point of instantaneous 
F i g u r e  1. - Genera t i ng  gear and member gear. F i g u r e  2. - Genera t i ng  gear and p in ion .  
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contact of gear surfaces is the point of intersection of the corresponding contact line with the tool 
cone generatrix (fig. 7). This generatrix is the line of contact of two tool cones for gears with the 
geometry I. An analogous picture pertains for gear geometry 11, but the contact point between the 
gear surfaces is the point of intersection of the instantaneous contact line with the circle of radius rd, 
which is the line of tangency of the two tool surfaces (fig. 6). 
The analytical representation of the gear surface contact condition is based on the proposition 
that radii-vectors and unit normals of surfaces coincide at the contact point, M (fig. 8). 
Figure 3. - Axes of rotation of 
generating gears and member gears. 
A 
Figure 5. - Generating surfaces for geometry I. 
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Figure 4. - Tool cone and generating gear. 
I LINE OF TANGENCY 
Figure 6. - Generating surfaces for geometry 11. 
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Because of elasticity of gear surfaces, their contact under a load is spread over an area (fig. 9) 
which, when projected on the tangent plane, is an ellipse. Figure 10 shows how the bearing contact is 
formed for gears with geometry I (fig. 10(a)) and for gears with geometry I1 (fig. lo@)). The location 
of the bearing contact on the tooth surface depends on the direction of motion of the elliptical spot 
over the tooth surface. 
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Figure 7. - Contact lines and contact 
points on generating surfaceEd. 
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Figure 8. - Gear tooth surfaces at contact. 
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Figure 9. - Deformation of two contacting surfaces. 
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Method of Calculation of Dynamic Capacity and 
Surface Fatigue Life of Spiral Bevel Gears 
In reference 1 a method of adapting the Lundberg-Palmgren method of life analysis for rolling- 
element bearings was applied to spur and helical gears. The method has also been applied to life 
analysis of traction drives (ref. 11). An update of the method applied to spur gears, with applications 
for various gearing arrangements, is presented in another paper in this symposium. 
In the life analysis theory the important parameters are number of stress cycles, 8, magnitude of 
critical stress, 7, amount of stressed volume, V, and depth below the surface at which the critical 
stress occurs, z. For spiral bevel gears, the stressed volume is taken as 
V a wzl (1) 
where I is the length of the contact path which is traversed during one tooth mesh cycle and the semi- 
width of the contact path is designated w. 
The probability of survival, S, for a tooth contact is given by the following expression: 
1 TqeV log- a -
S Zh 
This relation is consistent with experimental observations in the case of fatigue. The formula reflects 
the known fact that the more localized the stress is in the material (less stressed volume), the greater is 
the endurance. This is because, on a statistical basis, there is less likelihood of a fatigue nucleation 
site being coincident with a condition of high stress. Conversely, there is a greater probability of a 
crack forming in the zone of maximum critical stress, because the material is more rapidly cycled 
toward failure in that region. Hence the depth to the critical stress, as well as the magnitude of the 
stress is important, and with each stress cycle the probability of failure increases. 
The number of stress cycles endured with 90 percent reliability is given by the following equation 
(ref. 11): 
Based on life testing of air-melted steel rolling-element bearings, the following values are valid for 
equation (3): K =  1.43 x 1095 (SI units), 3.58 x 1056 (English units); h = 7/3; c = 31/3; and e = 10/9 
(point contact), 312 (line contact) (ref. 11). 
(b) 
Figure 10. - Formation o f  bearing contact.  
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From the probability theory the life, L, of a gear with N teeth then is obtained by the equation 
( A > ’ = N ( i ) ’  (4) 
The foregoing has been a brief summary of how the gear life analysis originally presented in reference 
10 may be applied to spiral-bevel gears. All of the approximations, service life factors and lubricant- 
condition-related life-modifying factors that pertain to spur and helical gears will also have 
counterpart effects for spiral-bevel gears. These factors are discussed in reference 11. 
Gear Train Precision 
Angles of rotation (p2 and (pl of a pair of gears are related by a linear function only for an ideal 
train. The difference 
represents a function of kinematical errors induced by errors of manufacturing and assembly. Here, 
(pg((p1) is the theoretical function, and (p2((p1) is the real function. 
The function A(p2((opl) of kinematical errors may be determined in the following two ways: 
The first method is based on the investigation of the meshing of gear surfaces generated and 
assembled with some errors. The basic principle of such an investigation is the requirement of 
equality of radii vectors and unit normals of contacting surfaces (fig. 8). The determination of gear- 
train kinematical errors with such a method is a computer problem. 
The second method is based on the following suggestions (fig. 11): Suppose that, because of 
errors of manufacturing and assembly, the expected contact points MI) and M 2 )  do not coincide 
with each other and that between surfaces E1 and E2 there occurs clearance or interference. To bring 
both surfaces into contact, it is necessary and sufficient to rotate the driven gear 2 about the axis 11-11 
by some small angle A(p2, the magnitude of which depends on the magnitude of clearance or 
Figure 11. - T o o t h  surfaces w i t h  clearance induced by errors. 
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interference induced by errors of manufacturing and assembly. Equations relating kinematical errors 
with errors of manufacturing and assembly have been developed by Litvin (refs. 4 and 5) .  
Figure 12 shows kinematical errors A(p2((pl) represented by equation (5) .  Figure 13 shows two 
types of the function A(p2((ppl). The first one (fig. 13(a)) corresponds to the case when the gear axis 
does not coincide with the ax is  of rotation and rotates about it in the process of meshing. The typical 
example of such errors is the gear eccentricity. The second type of kinematical errors of a train with 
spiral-bevel gears and hypoid gears is the result of the approximate way of gear generation (fig. 
13(b)). 
Figure 14 shows a case when a gear axis, 21, forms an angle A6 with the axis of rotation, z, and 
the shortest distance between z1 and z is the rotated vector Ae. With A6 = 0 the vector Ae represents 
the vector of gear eccentricity. 
Figure 15 shows two spur involute gears with vectors of eccentricity Ael and Ae2. Gear axis of 
rotation are 00) amd OV), geometric centers of gears are 01 and 0 2 .  These centers rotate about O(1) 
and O(2) as shown in figure 16. The eccentricity of a spur gear exerts a harmonic function (fig. 17) of 
kinematical errors AO,((pi), the period of which coincides with the period of a complete revolution of 
the considered gear. The distribution of this function in positive and negative areas depends on the 
location of the vector eccentricity. 
Figure 12. - Kinematic error functions. 
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Figure 13. - Two types o f  kinematic functions. 
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Figure 16. - Eccentric base circles. 
Figure 15. - Eccentricity o f  spur gears. 
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Figure 17. - Distribution o f  
kinematic errors by eccentricity. 
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F i g u r e  18. - Baseband f requsncy  spectrum showing 
s p i r a l  beve l  amp l i t ude  compared w i t h  spur. 
F i g u r e  19. - Narrowband f requency  spect rum showing 
sidebands around t h e  spur  mesh frequency. 
Gear Train Vibration and Noise Measurement 
To illustrate the principles discussed on the subject of gear-train precision, figures 18 and 19 are 
used. These figures show some frequency spectrum measurements made on a helicopter transmission 
running in a test stand (ref. 12). The transmission had a spiral-bevel input stage with 19 teeth on the 
pinion and 71 teeth on the gear. The pinion was turning at 6200 rpm and the output shaft at 355.5 
rpm. The output stage was a spur planetary arrangement with a 27-tooth sun, 3 planet gears, each 
with 35 teeth, and a 99-tooth ring gear which was splined to the transmission housing. An 
accelerometer was mounted on the case immediately outside the spline. 
Figure 18 shows a broadband frequency spectrum measurement of the vibration signal. The spur 
mesh frequency was 583 Hz, and the spiral bevel mesh frequency was 1963 Hz. The spiral bevel 
vibration signature was much stronger than the spur signature. This indicates that the meshing 
accuracy according to figure 13@) was better for the spur mesh than for the spiral-bevel mesh. There 
are also other peaks in the spectrum at multiples of the fundamental frequencies of 1963 and 583 Hz. 
These other peaks are the higher harmonics due to the noise and vibration pulsations as the teeth 
mesh being different from the pure sinusoidal shape, as shown in figure 17. 
Figure 19 shows an expanded region of the autospectrum plot given in figure 18. This figure 
shows many peaks which are symmetrically located about the spur gear mesh fundamental frequency 
peak at 583 Hz. These peaks locate the sideband frequencies which are due to sources of modulation 
in the time-dependent vibration waveform. Each source of modulation may produce one pair of 
sidebands if it is a harmonic modulator. If nonharmonic, the sidebands will repeat many times, as is 
the case in figure 19. 
In this particular example, there are three major causes of modulation: (1) the planet gears 
passing the stationary accelerometer at approximately 18 Hz; (2) the planet gears rotational speed of 
16 Hz; and (3) the planet carrier turning at the output shaft speed of 6 Hz. The misalinements and 
eccentricities associated with the rotational frequencies of the mentioned gear components cause 
these modulation sidebands to appear, as discussed in the previous section. 
Conclusions 
Two types of spiral-bevel geometry for a simplified study and investigation of such gears were 
described. The line of action and bearing contact for gears of both types of geometry were 
determined. A method for calculating the expected service life for pitting fatigue of the spiral-bevel 
gear teeth was given. 
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Two methods for the determination of kinematical errors induced by errors of manufacturing 
and assembly were proposed. The first is an exact computerized method, the second is an 
approximate one but one which allowed the analytical relations between source errors and resulting 
kinematical errors to be written. Results of noise and vibration measurements on a helicopter 
transmission were shown to illustrate the principles contained in the theory of kinematical errors. 
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